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Abstract 

New heavy neutral gauge bosons Z' are predicted by many models of physics beyond the Standard 
Model. It is quite possible that Z's are heavy enough to lie beyond the discovery reach of the CERN 
Large Hadron Collider LHC, in which case only indirect signatures of Z' exchanges may emerge 
at future colliders, through deviations of the measured cross sections from the Standard Model 
predictions. We discuss in this context the foreseeable sensitivity to Z's of W^-pair production 
cross sections at the e + e~ International Linear Collider (ILC), especially as regards the potential 
of distinguishing observable effects of the Z' from analogous ones due to competitor models with 
anomalous trilinear gauge couplings (AGC) that can lead to the same or similar new physics 
experimental signatures at the ILC. The sensitivity of the ILC for probing the Z-Z' mixing and 
its capability to distinguish these two new physics scenarios is substantially enhanced when the 
polarization of the initial beams and the produced bosons are considered. A model independent 
analysis of the Z' effects in the process e + e~ — > W + W~ allows to differentiate the full class of 
vector Z' models from those with anomalous trilinear gauge couplings, with one notable exception: 
the sequential SM (SSM)-like models can in this process not be distinguished from anomalous 
gauge couplings. Results of model dependent analysis of a specific Z' are expressed in terms of 
discovery and identification reaches on the Z-Z' mixing angle and the Z' mass. 

PACS numbers: 12.60.-i, 12.60. Cn, 14.70.Fm, 29.20.Ej 
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I. INTRODUCTION 



The W ± boson pair production process 

e + + e~ W + + W~ (1) 

is a crucial one for studying the electroweak gauge symmetry in e + e~ annihilation. Properties 
of the weak gauge bosons are closely related to electroweak symmetry breaking and the 
structure of the gauge sector in general. Thus, detailed examination of (JT]) at the ILC will 
both test this sector of the standard model (SM) with the highest accuracy and throw light 
on New Physics (NP) that may appear beyond the SM. 

In the SM, for zero electron mass, the process ([1]) is described by the amplitudes mediated 
by photon and Z boson exchange in the s-channel and by neutrino exchange in the t-channel. 
Therefore, this reaction is particularly sensitive to both the leptonic vertices and the trilinear 
couplings to W + W~ of the SM Z and of any new heavy neutral boson that can be exchanged 
in the s-channel. A popular example in this regard, is represented by the Z's envisaged by 
electroweak scenarios based on spontaneously broken 'extended' gauge symmetries, with 
masses much larger than Mz and coupling constants different from the SM. The variety of 
the proposed Z 1 models is broad. Therefore, rather than attempting an exhaustive analysis, 
we shall here focus on the phenomenological effects in reaction (pQ) of the so-called Z' SSM , Z' E 
and Zl R models. Actually, in some sense, we may consider these Z' models as representative 
of this New Physics (NP) sector lM8|. 

The direct manifestation of Z's would be the observation of peaks in cross sections at very 
high energy colliders, this would be possible only for Mz> lying within the kinematical reach 
of the machine and sufficient luminosity. Indeed, current lower limits on Mz> are obtained 
from direct searches of Z's in Drell-Yan dilepton pair production at the CERN LHC: from 
the analysis of the 7 TeV data, the observed bounds at 95% C. L. range approximately in 
the interval 1.8 — 2.3 TeV, depending on the particular Z' model being tested {9], [loj]. For 
too high masses, Z' exchanges can manifest themselves indirectly, via deviations of cross 
sections, and in general of the reaction observables, from the SM predictions. Clearly, this 
kind of searches requires great precision and therefore will be favoured by extremely high 
collider luminosity, such as will be available at the ILC. Indirect lower bounds on Z' masses 
from the high precision LEP data at the Z lie in the range ~ 0.4 — 1.8 TeV, depending on 
the model considered [7, 8]. 



Indirect effects may be quite subtle, as far as the identification of the source of an observed 
deviation is concerned, because a priori different NP scenarios may lead to the same or 
similar experimental signatures. Clearly, then, the discrimination of one NP model (in our 
case the Z') from other possible ones needs an appropriate strategy for analyzing the data. 1 

In this paper, we study the indirect effects evidencing the mentioned extra Z' gauge 
bosons in W ± pair production ([1]) at the next generation e + e~ International Linear Collider 
(ILC), with a center of mass energy -y/i = 0.5—1 TeV and typical time-integrated luminosities 



of £ int ~ 0.5 — 1 ab 1 
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131 ] . At the foreseen, really high luminosity this process should 



be quite sensitive to the indirect NP effects at a collider with Mz <C <C Mz> |l4Nl9|. 
the deviations of cross sections from the SM predictions being expected to increase with -y/s 
due to the violation of the SM gauge cancellation among the different contributions. 

Along the lines of the previous discussion, apart from estimating the foreseeable sensitivity 
of process ([T|) to the considered Z' models, we will consider the problem of establishing the 
potential of ILC of distinguishing the Z' effects, once observed, from the ones due to NP 
competitor models that can lead to analogous physical signatures in the cross section. For 
the latter, we will choose the models with Anomalous Gauge Couplings (AGC), and compare 
them with the hypothesis of Z' exchanges. In the AGC models, there is no new gauge boson 
exchange, but the WWj, WW Z couplings are modified with respect to the SM values, this 
violates the SM gauge cancellation too and leads to deviations of the process cross sections. 
AGC couplings are described via a sum of effective interactions, ordered by dimensionality, 



and we shall restrict our analysis to the dimension-six terms which conserve C and P [20Ll21|. 

The baseline configuration of the ILC envisages a very high electron beam polarization 
(larger than 80%) that is measurable with high precision. Also positron beam polarization, 
around 30%, might be initially obtainable, and this polarization could be raised to about 60% 
or higher in the ultimate upgrade of the machine. As is well-known, the polarization option 
represents an asset in order to enhance the discovery reaches and identification sensitivities 



on NP models of any kind 22|, [23]. This is the case, in particular, of Z' exchanges and AGC 
interactions in process ([I]), an obvious example being the suppression of the i/-exchange 
channel by using right-handed electrons. Additional ILC diagnostic ability in Z's and AGC 



1 Actually, this should be necessary also in the case of direct discovery, because different NP models may 
in principle produce the same peaks at the same mass so that, for example, for model identification some 
angular analyses must be applied, see 
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and references therein. 
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would be provided by measures of polarized W + and W~ in combination with initial beam 
polarizations. 

The paper is organized as follows. In Section II, we briefly review the models involving 
additional Z' bosons and emphasize the role of Z-Z' mixing in the process ([T]). In Section 
III we give the parametrization of Z' and AGC effects, as well as formulae for helicity 
amplitudes and cross sections of the process under consideration. Section IV contains, for 
illustrative purposes, some plots of the unpolarized and polarized cross sections showing the 
effect of Z' and of Z-Z' mixing. In Section V we present the approach, which allows to 
obtain the discovery reach on Z 1 parameters (actually, on the deviations of the transition 
amplitudes from the SM) and the obtained numerical results. Section VI includes the results 
of both model dependent and model independent analyses of the possibilities to differentiate 
Z' effects from similar ones caused by AGC. Finally we conclude in Section VII. 



II. Z' MODELS AND Z-Z' MIXING 



The Z' models that will be considered in our analysis are the following 



(i) The four possible U(l) Z' scenarios originating from the spontaneous breaking of the 
exceptional group E§. In this case, two extra, heavy neutral gauge bosons appear as 
consequence of the symmetry breaking and, generally, only the lightest is assumed to 
be within reach of the collider. It is defined, in terms of a new mixing angle /3, by the 
linear combination 

Z' = Z;cos/? + Z;sm/?. (2) 



Specific choices of (3: (3 = 0; (3 = ir/2; f3 = — arctan ^/5/3 and = arctan ^/3/5, 
corresponding to different E 6 breaking patterns, define the popular scenarios Z' x , Z'^, 
Z'^ and Z'j, respectively. 

(ii) The left-right models, originating from the breaking down of an 50(10) grand- 
unification symmetry, and where the corresponding Z[^ R couple to a linear combination 
of right-handed and B—L neutral currents (B and L being baryon and lepton numbers, 
respectively): 



1 c 2 

J£ R = "LR^ - 7T— J B-L with «LR = k\ K 2 - \. (3) 



Here, sw = sin#w, cw = \A ~~ s v/i additional parameters are the ratio k = gpt/gL of 
the S , L ? "(2)l,r gauge couplings and olr, restricted to the range a/2/3 ^ olr ^ 1.52. 
The upper bound corresponds to the so-called LR-symmetric Z' LRS model with g R = g L , 
while the lower bound is found to coincide with the Z' model introduced above. We 
will consider the former one, Z^ RS , throughout the paper. 

(iii) The Z' AljK predicted by the so-called 'alternative' left-right scenario. For the LR model 
we need not introduce additional fermions to cancel anomalies. However, in the E 6 
case a variant of this model (called the Alternative LR model) can be constructed by 
altering the embeddings of the SM and introducing exotic fermions into the ordinary 
10 and 5 representations. 

(iv) The so-called sequential Zg SM , where the couplings to fermions are the same as those 
of the SM Z. 

Detailed descriptions of these models, as well as the specific references, can be found, e. g., 
in Refs. [l, 2, 4, 6|. 

In the extended gauge theories predicting the existence of an extra neutral Z' gauge 
boson, the mass-squared matrix of the Z and Z' can have non-diagonal entries SM 2 , which 



are related to the vacuum expectation values of the fields of an extended Higgs sector ^]: 

_ / Mf 5M 2 \ 

M zz> = I . , J- ( 4 ) 
y>M 2 M 2 ,j 

Here, Z and Z 1 denote the weak gauge boson eigenstates of SU (2)^ x U(l)y and of the extra 
U(l)', respectively. The mass eigenstates, Z\ and Z 2 , diagonalizing the matrix (j4j), are then 
obtained by the rotation of the fields Z and Z' by a mixing angle 4>: 

Z\ = Z cos + Z' sin , (5) 
Z 2 = —Z sin cf) + Z' cos <ft ■ (6) 

Here, the mixing angle <fi is expressed in terms of masses as: 

., Ml-M 2 2M Z AM 

where AM = Mz — Mi > 0, Mz is the mass of the i^-boson in the absence of mixing, 
i.e., for = 0. Once we assume the mass Mi to be determined experimentally, the mixing 
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depends on two free parameters, which we identify as <fi and Mi- We shall here consider the 
configuration M\ <C \fs <C M 2 . 

The mixing angle will play an important role in our analysis. In general, such mixing 
effects reflect the underlying gauge symmetry and/or the Higgs sector of the model. To a 



good approximation, for M\ <C M 2 , in specific "minimal-Higgs models" 24] 



Here are the Higgs vacuum expectation values spontaneously breaking the symmetry, 
and Q\ are their charges with respect to the additional U (1)'. In addition, in these models the 
same Higgs multiplets are responsible for both generation of mass Mi and for the strength 
of the Z-Z' mixing Thus C is a model-dependent constant. For example, in the case of 



Eq superstring-inspired models C can be expressed as |24j 



C = 4s w (a - ^~^Bj , (9) 

where a is the ratio of vacuum expectation values squared, and the constants A and B are 
determined by the mixing ang le (5: A = COS/3/2V/6, B = VT0/12 sin/3. 

An important property of the models under consideration is that the gauge eigenstate Z' 
does not couple to the W + W~ pair since it is neutral under SU(2)l. Therefore the process 
(JXJ) , and the searched-for deviations of the cross sections from the SM, are sensitive to a Z' 
only in the case of a non-zero Z-Z' mixing. The mixing angle is rather highly constrained, 
to an upper limit of a few x 10~ 3 , mainly from LEP measurements at the Z [7|, |8j). The high 
statistics on W-pair production expected at the ILC might in principle allow to probe such 
small mixing angles effectively. 

From (jSJ) and ([6]), one obtains the vector and axial- vector couplings of the Z\ and Z 2 
bosons to fermions: 

vif = VfCos(p + v'j-smcj) , a>if = cif cos 4> + a'f sin <f> , (10) 
v 2f — — v f sin0 + v'j cos0 , a 2 f = —df sin (f> + a'j cos 4>, (11) 

with (vf, af) — {g L ± gp)/2, and (v'f, a'^) similarly defined in terms of the Z' couplings. The 
fermonic Z' couplings can be found in [l|, (2), 0, E ] . 

Analogously, one obtains according to the remarks above: 



9wwz 1 = cos gwwz , (12) 
9wwz 2 = ~ sin <p gwwz , (13) 



where gwwz = cot 9w- 



III. PARAMETERIZATIONS OF Z -BOSON AND AGC EFFECTS 
A. Z' boson 

The starting point of our analysis will be the amplitude for the process ([I]). In the Born 
approximation, this can be written as a sum of a t-channel and an s-channel component. In 
the SM case, the latter will be schematically written as follows: 

^w = (_l + Sg*ML^0 ) xCW( , i g ) , (14) 

where s and 9 are the total cm. squared energy and W~ production angle. Omitting the 
fermion subscripts, electron vector and axial-vector couplings in the SM are denoted as 
v = (T 3i e — 2Q e s w )/2swcw and a = T 3 ^ e /2swCw, respectively, with T 3ie = —1/2, and A 
denoting the electron helicity (A = ±1/2 for right/left-handed electrons). Finally, Q^'(s,0) 
is a kinematical coefficient, depending also on the W ± helicities. The explicit form can be 



found in the literature 
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21] or derived from the entries of Table [V] which also shows the 
form of the i-channel neutrino exchange. 

In the extended gauge models the process (0Q) is described by the set of diagrams displayed 
in Fig. [TJ The amplitude with the extra Z' depicted in Fig. [1] will be written as: 

Affl = (-- + 9wwz ^ Vl ~ 2AQl) + 9wwz 2 (v2 - 2Aa 2 ) \ x gW{s ^ (15) 



s s- Ml s-M. 



The contribution of the new heavy neutral gauge boson Z^ to the amplitude of process ([T]) 
is represented by the fourth diagram in Fig. [TJ In addition, there are indirect contributions 
to the Zj-mediated diagram, represented by modifications of the electron and three-boson 
vertices induced by the Z-Z' mixing. 



It is convenient to rewrite Eq. ([TB]) in the following form |17j: 2 

^(A) = fgw^r + 9wwz{v-2Xa) \ ^ g(x){ ^ ^ (lg) 

where the 'effective' gauge boson couplings gww-y and gwwz are defined as: 

( ?W7 = 1 + A 7 = 1 + A 7 (Z 1 ) + A 7 (Z 2 ), (17) 



Note that Mz = Mi + AM, where Mi refers to the mass eigenstate. 



S 




FIG. 1: Feynman diagrams for the process e e + — > W W + in the Born approximation 

9wwz = cot 9 W + A Z = cot 9 W + AziZ,) + A Z (Z 2 ), (18) 



with 



A 7 (Zx) = v cot9 w (— - — J (1 + Ax) XI A 7 (Z 2 ) = u Pivwz 2 f— - — ) X2, (19) 
\ a v J \ a v / 

A Z (Z X ) = A<? wz + cot0 w f— + A X J ; A Z (Z 2 ) = g WWZ2 ^ ^. (20) 



ay a X 

In Eqs. (fT9l) and (120]) we have introduced the deviations of the fermionic and trilinear bosonic 

couplings Av = v 1 — v , Aa = ai — a and Ag^iyz = g^iyzi — cot 6w, and the neutral vector 

boson propagators (neglecting their widths): 

s . . s A . . 2M Z AM . . 

x{s) = j^mi> X2{s) = j^wr Ax(s) ^t^mp (21) 

where AM = M z — Mi is the Z-Z x mass shift. Because W pair production is studied 
sufficiently far away from the Z, peak, we can neglect the Z and Z 12 widths in (115]) and 
(US]). 

It should be stressed that, not referring to specific models, the parametrization ( 1T6]) - 
( TT8l) is both general and useful for phenomenological purposes, in particular to compare 
different sources of nonstandard effects contributing finite deviations (fT9|) and ( 120]) to the 
SM predictions. Note that A 7 vanishes as s — > 0, consistent with gauge invariance. 
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We know from current measurements [3] that AM < 100 MeV. This allows the approxi- 
mation Ax{s) <C 1. One can rewrite (fT9|) and (120]) in a simplified form taking into account 
the approximation above as well as the couplings to first order in as: 

ai) ~ (v + a + a'4>)=> (Av, Aa) ~ (t/0, «'</>), (22) 

(u 2 , a 2 ) ~ (-v <f) + v', -acf) + a'), (23) 

and 

gwwzx — 9wwz\ 9wwz 2 — —9wwz4>- (24) 

In the case of extended models considered here, e.g. E§, v' and a' are explicitly parametrized 
in terms of the angle /3 which characterizes the direction of the Z'-related extra U(l)' gener- 
ator in the E 6 group space, and reflects the pattern of symmetry breaking to SU{2) L x U{1)y 

QQ,y,3: 

v ' = ^ ^2^7i( cos/3 + yf sm/3 )- (25) 



( 1 - y) x ' (26) 

A z = <p ■ cot B w (1 - ^ . (27) 

Both these quantities have the same dependence on </> and M2, via the product 0(1 — Xi/x)- 
Thus, and M 2 can not be separately determined from a measurement of A 7 and Az, only 
this composite function can be determined. We also note that for an SSM-type model, the 
first parenthesis in Eq. (|26|) vanishes, resulting in A 7 = 0. Thus, these models can not be 
distinguished from the AGC models, introduced in the next section. Further, the terms 
proportional to X2 in Eqs. (126]) and ( |27j) dominate in the case \/i ~ M 2 but will be very 
small in the case y/s <^ M 2 . 





one 


a' 




a 




a' 
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a 



B. Anomalous Gauge Couplings 

As pointed out in the Introduction, a model with an extra Z' would produce virtual 
manifestations in the final W + W~ channel at the ILC that in principle could mimic those 
of a model with AGC, hence of completely different origin. This is due to the fact that, as 
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shown above, the effects of the extra Z' can be reabsorbed into a redefinition of the WWV 
couplings (V = 7, Z). Therefore, the identification of such an effect, if observed at the ILC, 
becomes a very important problem 25] . 



,+ 



w~ 

(VWVWW 



v e 



'WVWXAAy 

w + 




AGC 




gwwz = cot 6 W -> x z 
yz 



FIG. 2: Feynman diagrams for the process e + e — )• W + W in the Standard Model and with 
anomalous trilinear gauge couplings (AGC). 



Using the notations of, e.g., Ref. 20|, |2l|, the relevant trilinear WWV interaction up 



to operators of dimension-6, which conserves U(l) e _ m _, C and P, can be written as (e 



y/A7ra em ): 

C cS = -xe [A„ (W~^W+ - W + ^W~) + F^W^W-"] 

- te {cot6 w + 6 Z ) [Z„ (W~^W+ - W + » U W;) + Z^W + »W~ V ] 

- te x 7 F^W +t *W~ u - le x z Z^W +t "W~ u 

+ ze ^W^W+Z + ie ^ Z^W^W + » , (28) 
lvI w m w 

where W^ v = d^W^ - d u W^ and Z^ = d^Z u - d v Z^. In the SM at the tree-level, the 

anomalous couplings in fl28|) vanish: 5z = x~, = Xz = V-y = Vz = 0. 

The anomalous gauge couplings are here parametrized in terms of five real independent 

parameters. This number can be reduced by imposing additional constraints, like local 
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SU(2)l x U(1)y symmetry, in which case the number would be reduced to three (see for 



example Tables 2 and 1 of 



and 



271 ]. respectively). 



Current limits reported by the Particle Data Group 28| , that show the sensitivity to the 
AGCs attained so far, are roughly of the order of 0.04 for Sz, 0.05 for x 7 , 0.02 for y 7 , 0.11 
for xz and 0.12 for yz- As will be shown in the next sections, at the ILC in the energy 
and luminosity configuration considered here, sensitivities to deviations from the SM, hence 
of indirect New Physics signatures, down to the order of 10~ 3 will be reached. This would 
compare with the expected order of magnitude of the theoretical uncertainty on the SM 
cross sections after accounting for hig her-order corrections to the Born amplitudes of Figs. [TJ 
and[2J formally of order a em [29|, |30|, but that for distributions can reach the size of 10%, 



depending on y/s 3jJ, 132 ]. 



C. Helicity amplitudes and cross sections 

The general expression for the cross section of process (J]} with longitudinally polarized 
electron and positron beams described by the set of diagrams presented in Fig. [2] can be 
expressed as 



da 1 



d cos 9 4 



[1 + Pl) (1-Pl)^ + (1-Pl) (1 + Pl) 



(29) 



dcos9 dcos9 

where Pl and Pl are the actual degrees of electron and positron longitudinal polarization, 
respectively, and a ± are the cross sections for purely right-handed (A = 1/2) and left-handed 
(A = —1/2) electrons. From Eq. (12 9j) . the cross section for polarized (unpolarized) electrons 
and unpolarized positrons corresponds to Pl ^ and P L = (Pl — Pl — 0). 
The polarized cross sections can generally be written as follows: 

da ± 



IPI 



dcos9 16irsy/s 



J2\Fxrr>(s,COs9)\ 2 . (30) 



Here, the helicities of the W and W + are denoted by r, r' = ±1,0. Corresponding to the 
interaction (12~5|) . the helicity amplitudes F\ TT >(s, cos#) have the structure shown in Table IVl 
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2l| in Appendix A. In Table \S\ fi w = a/1 - 4M^/s = 2p/y/s, with p = \p\ the cm. 
momentum of the W~. Furthermore, s and t are the Mandelstam variables, and 9 the 
cm. scattering angle, with t = — s(l — f3 cos9)/2. For comparison, we also show in 
Appendix A the corresponding helicity amplitudes for the case of a Z'. 
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We define the differential cross sections for correlated spins of the produced W and W + , 

da(W+W^) dajW^Wj;) da(W+W£ + W+W^ ) 
dcosO ' dcosO ' dcosO 

which correspond to the production of two longitudinally (r = t' = 0), two transversely 
(r = ±t'; t, t' = ±1) and one longitudinally plus one transversely (r = 0, r' = ±1 etc.) 
polarized vector bosons, respectively. 



IV. Z' ILLUSTRATIONS 



For illustrative purposes, the energy behavior of the total unpolarized cross section for the 
process e + e~ — > W + W~ is shown in Fig. [3] (top panel) for the SM (extrapolated to 2 TeV) 
as well as for the case of an additional Z' originated from E$ at mixing angle <f> — ± 1.6- 10~ 3 
and Mz> = 2 TeV. In the lower panel we show the corresponding cross section for right- 
handed electrons (Pi = 1). The deviation of the cross sections from the SM prediction 
caused by the Z 1 boson at the planned ILC energy of \fs = 0.5 TeV is most pronounced for 
the latter (polarized) case while the cross section is lower than that for unpolarized beams. 
The main reason for this is the removal of the neutrino exchange in the t-channel. Such a 
removal is indispensable for evidencing the Z'-exchange effect through Z-Z' mixing in the 
process ([1]). The complete removal of the neutrino exchange contribution depends of course 
on having pure electron polarization. In both cases experimental constraints on the W~ 
scattering angle (| cos#| < 0.98) were imposed. 

The effects of the Z 1 boson shown in Fig. [3] were parametrized by the mass Mz> and the 
Z-Z 1 mixing angle while those behaviors and their relative deviations shown in Fig. m 
are parametrized by the effective parameters (A 7 , Az), defined in Eqs. (|26|) and ([27)1 for the 
same values of and Mz> ■ Rather steep energy behavior of relative deviations of the cross 
sections can be appreciated from Fig. HI 

As was mentioned in the Introduction, the process ([T|) is sensitive to a Z' in the case of 
non-zero Z-Z' mixing. The individual (interference) contributions to the cross section of 
process (CQ) rise proportional to s. In the SM, the sum over all contributions to the total 
cross section results in its proper energy dependence that scales like logs/s in the limit 
when 2Mw <C a/s M 2 due to a delicate gauge cancellation. In the case of a non-zero 
Z-Z' mixing, the couplings of the Z\ differ from those of the SM predictions for Z. Then, 
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50 F 




A/7,TeV 




FIG. 3: Top panel: Unpolarized total cross section for the process e + e —> W + W for Z' x from 
Eq. Bottom panel: Polarized total cross section. Solid lines correspond to the SM case. Dashed 
(dash-dotted) lines correspond to a Z' model with cj) = 1.6- 1CT 3 = -1.6- 1CT 3 ), T 2 = 0.025 x M 2 
and M 2 = 2 TeV. 
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0.2 0.4 0.6 0.8 1.0 

V7, TeV 

FIG. 4: Top panel: Polarized total cross section for the process e + e~ — ?• W + W~ as a function of ^/s 
with perfectly polarized electrons (Pl = 1) and unpolarized final states. Solid line corresponds to 
the SM. Contribution to the cross section caused by Z' is determined by different sets of parameters 
(A 7 , A z ) = (1.4 • 1CT 3 , 1.2 • 1CT 3 ) and (-1.4 • 10 -3 , -1.2 • 1CT 3 ). Bottom panel: Relative deviation 
of the polarized total cross section from the SM prediction, Act/ct = (a z — a SM ) / a SM . 
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the gauge cancellation occurring in the SM is destroyed, leading to an enhancement of new 
physics effects at high energies, though well below Mi. Unitarity is restored only at energies 
\fs ^> M 2 independently of details of the extended gauge group. 



V. DISCOVERY REACH ON Z' PARAMETERS 



The sensitivity of the polarized differential cross sections to A 7 and Az is assessed nu- 
merically by dividing the angular range | cos^l < 0.98 into 10 equal bins, and defining a \ 2 
function in terms of the expected number of events N(i) in each bin for a given combination 
of beam polarizations: 



bins r 



X 



{Pl,Pl} * 



.(i)-N< 



SNsuii) 

where N(i) = £ int <7i ew with £ int the time-integrated luminosity. Furthermore, 



(32) 



Ui — a{Zi, Zi+\ / 



(33) 



where z = cos 6 and polarization indices have been suppressed. Also, ew is the efficiency 
for W + W~ reconstruction, for which we take the channel of lepton pairs (ev + \w) plus two 
hadronic jets, giving ew ~ 0.3 basically from the relevant branching ratios. The procedure 
outlined above is followed to evaluate both ./Vsm^) and NsM+z'(i)- 

The uncertainty on the number of events SNsuii) combines both statistical and system- 



atic errors where the statistical component is determined by SN^(i) = ^/Nsm^)- Con- 
cerning systematic uncertainties, an important source is represented by the uncertainty on 
beam polarizations, for which we assume SPr/Pr = SPl/Pl = 0.5% with the "standard" 



envisaged values \Pl\ = 0.8 and \Pl\ = 0.5 
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22] . As for the time-integrated luminos- 



ity, for simplicity we assume it to be equally distributed between the different polarization 
configurations. Another source of systematic uncertainty originates from the efficiency of 
reconstruction of W ± pairs which we assume to be 5ew/^w — 0.5%. Also, in our numerical 
analysis to evaluate the sensitivity of the differential distribution to model parameters we 
include initial-state QED corrections to on-shell W ± pair production in the flux function 
approach 
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34| that assures a good approximation within the expected accuracy of the 



data. 
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FIG. 5: Discovery reach (see Eq. (|34p ) at 95% CL on the Z' parameters A 7 ,A^ obtained from 
polarized differential cross sections at different sets of polarization: Pi = ±0.8, Pl = ±0.5 (solid 
line), Pl = ±0.8, Pl = (short-dashed line), unpolarized beams Pl = 0, Pl = (long-dashed 
line), = 0.5 TeV and C- mt = 500 fb" 1 . 



As a criterion to derive the constraints on the coupling constants in the case where no 
deviations from the SM were observed within the foreseeable uncertainties on the measurable 
cross sections, we impose that 

X 2 <Xn lin + XcL, (34) 

where Xcl i s a number that specifies the chosen confidence level, Xmm i s the minimal value 
of the x 2 function. With two independent parameters in Eqs. (jTTJ) and (fT8]) . the 95% CL is 
obtained by choosing Xcl = 

5.99. 

From the numerical procedure outlined above, we obtain the allowed regions in A 7 and 
Az determined from the differential polarized cross sections with different sets of polarization 
(as well as from the unpolarized process ([ID) depicted in Fig. [5j where C- mt = 500 fb" 1 has 



been taken 
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13. 



22j. According to the condition flMj) . the values of A 7 and Az for which 
Z's can be discovered at the ILC is represented by the region external to the ellipse. The 
same is true for the AGC model except that, having assumed no renormalization of the 
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FIG. 6: Discovery reach on the Z' parameters A~, Az from the cross section with polarized beams 



I 1 • 

^int 

500 fb -1 . 



Pl = ±0.8, Pl = =F0.5 and different sets of polarizations. Here, yfs = 0.5 TeV and L\ 



residue of the photon pole exchange (<5 7 = 0), in this case A 7 will be proportional to s times 
the coefficients x 7 or y 1 of Eq. (128]) . and Az to a combination of the coefficients Sz, %z and 
Hz (see Table IVjl . The role of initial beam polarization is seen to be essential in order to set 
meaningful finite bounds on the parameters. 

Analogous to Fig. \5\ the discovery reach on the parameters A 7 , Az from the cross section 
with polarized beams Pl = ±0.8, Pl = ±0.5 and different sets of W ± polarizations is de- 
picted in Fig. [6]which demonstrates that da(W^W£)/ dz is most sensitive to the parameters 
A 7 ,Az while da{W^W^) / dz has the lowest sensitivity to those parameters. The reason 
for the lower sensitivity in the TT case is that for s ^> M§, the NP contributions to these 



amplitudes only interfere with a sub-dominant part of the SM amplitude 26]. 

As regards the NP scenarios of interest here, one may remark that constraints on A 7 and 
Az of Eqs. f)17p and ( II 8p (for the example of Z's), are model-independent in the sense that 
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FIG. 7: Discovery reach (95% C.L.) on Z' parameters (A 7 , Az) obtained from differential polarized 
cross sections with (Pi = ±0.8, Pl = =f0.5). Dashed straight lines correspond to specific extended 
gauge models (x, ip, f], I and LRS) according to Eq. (|35l) . The segments of the ellipse correspond 
to the whole classes of Eq and LR-models, respectively. Here, y/s = 0.5 TeV and £j nt = 500 fb _1 . 

they constrain the whole class of Z' models considered. They may turn into constraints on 
the parameters of specific Z' models by replacing expressions (IT91 and (1201) . Specializing 
to those models, one can notice the important linear relation characterizing the deviations 
from the SM: 

A A 1 ( a 7 Q ) /«N 

A z = A 7 — — 7777, (35) 

vx {a' fa) - (v'/v) 

where v and a refer to vector and axial-vector couplings. This relation is rather unique, and 
depends neither on nor on M2, only on ratios of the electron couplings with the Z and Z 1 
bosons. 

In Fig. [7] we depict, as an illustration, the cases corresponding to the models denoted 
Xi ?p, V and / originated from E 6 as well as the LR symmetric model (LRS). The model 
independent bound on A 7 and Az can be converted into limits on the Z-Z 1 mixing angle 
and mass M2 for any specific Z' model. These model dependent constraints will be presented 
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in the next section along with identification reaches. For fixed and M2, every model is 
represented by a point in the (A 7 , Az) parameter plane. The discovery regions in the A 7 - 
A z plot at the ILC are represented by the straight segments lying outside the ellipse. If one 
varies the mixing angle <p, the point representative of the specific Z' model moves along the 
corresponding line. The intercept of the lines with the elliptic contour, once translated to <p 
and M2, determine the constraint on these two parameters relevant to Z-Z' mixing for the 
individual models. 

Also, one can determine the region in the (A 7 , Az) plane relevant to constraining the 
full class of Eq (and LR) Z 1 models obtained by varying the parameters cos (3 and «lr of 
Eqs. (J2J) and ([3]) within their full allowed ranges. The corresponding discovery region at the 
ILC for that class of models is the one delimited by the arcs of ellipse indicated in Fig. 



VI. IDENTIFICATION OF Z' VS AGC 
A. Model independent analysis 

We will here discuss how one can differentiate various Z 1 models from similar effects 
caused by anomalous gauge couplings, following the procedure employed in Refs. 23], 3o1 ]. 
The philosophy is as follows: A particular Z' model will be considered identified, if the 
measured values of A 7 and Az are statistically different from values corresponding to other 



Z' models (for a discussion, see Ref. 23|). and also different from ranges of (A 7 , Az) that 
can be populated by AGC models. Clearly, at least one of these parameters must exceed 
some minimal value. 

Let us assume the data to be consistent with one of the Z' models and call it the "true" 
model. It has some non-zero values of the parameters A 7 , Az- We want to assess the 
level at which this "true" model is distinguishable from the AGC models, that can compete 
with it as sources of the assumed deviations of the cross section from the SM and we call 
them "tested" models, for any values of the corresponding AGC parameters. We assume for 
simplicity that all AGC parameters are zero, except the one whose values are probed. 

We start by considering as a "tested" AGC model that with a value of x 7 to be scanned 
over. To that purpose, we can define a "distance" between the chosen "true" model and the 
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a. 



tested" AGC model(s) by means of a \ 2 function analogous to Eq. ( 132]) as 



bins i- 



N z >(i) - N AGC (i) 
6N z >(i) 



* 2 = E E 



(36) 



with 5Nz'(i) defined in the same way as SNsM.{i) but, in this case, the statistical uncertainty 
refers to the Z' model and therefore depends on the relevant, particular, values of A 7 and 



On the basis of such \ 2 we can study whether these "tested" models can be excluded or 
not to a given confidence level (which we assume to be 95%), once the considered Z 1 model 
(defined in terms of A 7 , Az) has been assumed as "true". In our explicit example, we want 
to determine the range in x 7 for which there is "confusion" of deviations from the SM cross 
sections between the selected "true" Z' model and the AGC one, by imposing the condition, 
similar to Eq. (1341) . Then we scan all values of A 7 , Az allowed by the Z 1 models down to 
their discovery reach, and determine by iteration in this procedure the general confusion 
region between the class of Z' models considered here and the AGC model with x 7 7^ 0. 

Besides the dependence on the cm. energy \fs, the \ 2 function defined above can be 
considered a function of three independent variables, A 7 and Az from the Z' model, and, in 
our starting example, the parameter x 7 of the AGC scenario. The contours of the confusion 
regions, at given y/s, are thus defined by the region inside of which (in the A 7 -A^ space) 



for any value of x 7 compatible with experimental limits. 

In Fig. |S] we show the region of confusion in the Z' parameter plane (A 7 , Az), outside 
of which the Z 1 model can be identified at the 95% C.L. against the AGC model for any 
value of the parameter x 1 . It is obtained from the polarized cross section with Pl = ±0.8 
and Pl = ±0.5 using the algorithm outlined above. Also, note that the inner dash-dotted 
ellipse in Fig. IS] delimits the discovery reach on Z' parameters. 

The graphical representation of the region of confusion presented in Fig. IS] is straight- 
forward. Equation fl37|) defines a three-dimensional surface enclosing a volume in the 
(A 7 , Az,x^) parameter space in which there can be discovery as well as confusion between 
Z 1 and (in this case) the x 7 -AGC model. The planar surface delimited by the solid ellipse is 
determined by the projection of such three-dimensional surface, hence of the corresponding 



A z . 



X 2 (A 7 , A Z , X 7 ) = Xmin + XCL> 



(37) 
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FIG. 8: The outer ellipse (solid) shows the confusion region (95% C.L., see Eq. (|37p ) in the 
parameter plane (A 7 , Az), outside of which a generic Z' model can be identified against an AGC 
model with non- vanishing parameter x~. Polarized cross section with Pl = ±0.8 and Pl = =F0.5 are 
assumed. The dashed inner ellipse reproduces the discovery reach on the Z' of Fig. [71 corresponding 
to x-y = in Eq. (|37|) . where the AGC model coincides with the SM. The dashed straight lines 
correspond to specific extended gauge models (x, ijj, f], I and LRS). Here, yfs = 0.5 TeV and 
£ int = 500 fb -1 . 

confusion region, onto the plane (A 7 , A^). Any determination of A 7 and Az in the planar 
domain exterior to the ellipse would allow both Z' discovery and identification against the 
x 7 -AGC model. Similar to the case of discovery, also in the case of Z' identification the 
bounds on A 7 and Az could be translated into limits on the Z-Z' mixing angle and mass 
M 2 for any specific Z' model. 

The procedure outlined above can be repeated for all other types of models with AGC 
parameters (5z, xz, y 7 , yz\ and consequently one can evaluate the corresponding "confusion 
regions" in the (A 7 , Az) parameter plane. The results of this kind of analysis are represented 
in Fig. [9] displaying the overlap of the confusion regions (95% C.L.) in the parameter plane 
(A 7 , Az) for a generic Z 1 vector model and AGC models with parameters varying one at a 
time. 

The resulting confusion area (obtained from the overlap of all confusion regions) turns 
out to be open in the vertical direction, i.e., along the Az axis. The reason is that the Z' 
model defined by a particular parameter set where (A 7 = 0, Az) is indistinguishable from 
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FIG. 9: The closed contours indicate regions of (A 7 , Az) that can be populated by variations of 
an AGC parameter, such as for example Xy. They are thus confusion regions (95%C.L.) in the 
parameter plane (A 7 ,A^) for a generic Z' model and AGC models with parameters taking non- 
vanishing values, one at a time: x~, xz, y-y, yz and 5z- Polarized cross sections with Pl = ±0.8 
and Pl = =f0.5 have been exploited. Dashed straight lines correspond to specific Z' models (x, tp, 
rj, I and LRS). Here, ^ = 0.5 TeV and £ int = 500 fb -1 . 

those originating from AGC with the same Sz = Az- Moreover, from a comparison of the 
confusion region depicted in Fig. [9]with the corresponding discovery reach presented in Fig. [7J 
one can conclude that all Z' models might be discovered in the process ([Q) with polarized 
beams. However, they may not all be identified, the reason being that the confusion region 
shown in Fig. [9] is not closed, in contrast to the reach shown in Fig. [71 

An example relevant to the current discussion can be found in the SSM model. In fact, 
from Eq. ( 135]) one can conclude that the signature space of the SSM model in the (A 7 , Az) 
parameter plane extends along Az- It implies that the SSM might be discovered in the 
process (II]) but not separated from AGC models characterized by the parameter Az- More 
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generally, those models where the Z'-electron couplings satisfy the equation v'/a' = v/a 
that, as follows from Eq. (126]) . lead to A 7 = can not be distinguished from the AGC case 
in the W ± pair production process. However, all other Z' models (apart from the considered 
exceptional case) described by the pair of parameters (A 7 , Az) that are located outside of 
the confusion area shown in Fig. M can be identified. Notice that the above constraint on 
the electron couplings is fulfilled for an E§ model at (3 = 87° and for an LRS model with 
a LR = 1.36. 
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FIG. 10: Same as in Fig. [9] but obtained from combined analysis of the process ([I]) with polarized 
initial beams and polarized final states. The xz contour closes at Az — ±0.006. 



The results of a further potential extension of the present analysis are presented in Fig. [TOl 
where the feasibility of measuring polarized W states in the process ([1]) is assumed. This 
assumption is based on the experience gained at LEP2 on measurements of W polarisation 
re relevant theoretical framework for measurement of W polarisation was described 
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in 



. T 



21] . The method exploited for the measurement of W polarisation is based on the 



spin density matrix elements that allow to obtain the differential cross sections for polarised 
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W bosons. Information on spin density matrix elements as functions of the W~ production 
angle with respect to the electron beam direction was extracted from the decay angles of 
the charged lepton in the W~ (W + ) rest frame. 

B. Model dependent analysis 

As mentioned above, the ranges of A 7 and Az allowed to the specific models in Figs. [9] 
and [TO] can be translated into discovery and identification reaches on the mixing angle </> 
and the heavier gauge boson mass M 2 , using Eqs. f[2"rJj) - f[2"T|) . The resulting allowed regions, 
discovery and identification (at the 95% CL) in the ((f), M2) plane is limited in this case by 
the thick dashed and solid lines, respectively, in Figs. [TlT [T2l for some specific E$ models. 
These limits are obtained from the polarized differential distributions of W with collider 
energy yfs = 0.5 TeV and integrated luminosity £i nt = 500 fb~ . Also, an indicative typical 
lower bound on M 2 from direct searches at the LHC with -y/i = 7 TeV {9], [lo| is reported 
in these figures as horizontal straight lines. The vertical arrows then indicate the range of 
available Z' mass values according to LHC limits. 

TABLE I: Discovery and identification reach on the Z-Z' mixing angle (f> for Z' models with 
M2 = 2 TeV obtained from the polarized differential cross section with (Pl = ±0.8, Pl = ±0.5) 
and unpolarized final states for the case y^s = 0.5 TeV and £j nt = 500 fb _1 . The corresponding 
limits for polarized Ws are given in parenthesis. 



Z' model 


X 


rP 


V 


I 


LRS 


SSM 


</» DIS ,io- 3 


±1.5(0.8) 


±2.3(1.4) 


±1.6(1.3) 


±2.0(0.8) 


±1.4(1.0) 


±1.2(0.7) 


ID ,1O" 3 


±3.8(1.5) 


±36.8(18.5) 


±17.4(3.2) 


±4.3(1.2) 


±8.1(4.2) 





Figures [TTJ and [12] show that the process e + e~ — > W + W~ at 0.5 TeV has a potential 
sensitivity to the mixing angle <fi of the order of 10~ 4 — 10 — 3 or even less, depending on the 
mass M.2- This sensitivity would increse for the cm. energy yfs approaching M2 because 
the contribution of the Z2 exchange diagram in Fig. [TJ would be enhanced. However, Z' 
bosons relevant to the extended models under study with mass below ~ 2.0 — 2.3 TeV are 
already excluded by LHC data, and the ILC cm. energies considered here are therefore 
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FIG. 11: Left: Discovery (dashed line) and identification (solid line) reach for the x model in the 
(<f>, M 2 ) plane obtained from polarized initial e + and e~ beams with (Pl = ±0.8, Pl = =F0.5) and 
unpolarized final states. Right: The same with polarized final states. Here, \/s = 0.5 TeV 
and £j n t = 500 fb . The horizontal line with vertical arrows, here and in the next figures, 
approximately indicates the range of M 2 currently allowed by LHC. 



quite far from the admissible M 2 . Conversely, for masses M 2 much larger than y/s such 
that the Z 2 exchange contribution |x 2 / xl is much less than unity, the limiting contour is 
mostly determined by the modification ({TO]) of the Z couplings to electrons. The discovery 
and identification reaches on <fi at M 2 = 2 TeV are summarized in Table [H 

For the ILC with higher energy and luminosity, y/s = 1 TeV and £i nt = 1 ab _1 , one 
expects further improvement of the discovery and identification reach on the Z-Z' mixing 
angle and M 2 (see Figures fT3l fbH and Table HT1) . 



TABLE II: Same as in Tabled but for ILC with y/s = 1 TeV and £ int = 1 ab" 1 . 



Z' model 


X 


v< 


V 


I 


LRS 


SSM 


</» DIS , lO- 4 


±3.8(1.8) 


±5.8(3.4) 


±4.6(3.2) 


±4.4(1.9) 


±3.7(2.4) 


±3.1(1.7) 


^ ID ,io- 4 


±9.0(4.2) 


±94(45) 


±24(9.5) 


±6.1(2.8) 


±18(10) 
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As already mentioned, the horizontal lines in Figs. [TTHH] denote the current LHC lower 
limits on M 2 , therefore only the upper parts, as indicated by the vertical arrows, will be 
available for discovery and identification of a Z' via indirect manifestations at the ILC 
with the considered values for the cm. energy of 0.5 and 1 TeV. Since those limits are so 
much higher than y/s, the corrections from finite Z' widths, assumed in the range Tz> = 
(0.01 — 0.10) Mz> [ij], are found to be numerically negligible in the "working" regions indicated 
in those figures by the horizontal lines and vertical arrows. Tables HI and HT1 demonstrate that 
ILC (0.5 TeV) and ILC (1 TeV) allow to improve current bounds on Z—Z' mixing for most 
of the Z' models, and also differentiating Z' from AGC is feasible. 



C. Low-energy option 

Currently, physics at the ILC in a low-energy option is extensively studied and discussed, 
as it in this mode might act as a "Higgs factory" . The results for discovery and identification 
reach on Z-Z' mixing and mass M 2 obtained from the ILC with \fs = 0.25 TeV and 0.35 
TeV are summarized in Tables II III and IIV1 

The comparison of these constraints with those obtained from electroweak precision data 
derived mostly from on-Z-resonance experiments at LEP1 and SLC |tJ shows that the 
ILC (0.25 TeV) and ILC (0.35 TeV) allow to obtain bounds on Z-Z' mixing at the same 
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FIG. 13: Left: Discovery (dashed line) and identification (solid line) reach for the x model in the 
{(j),M2) plane obtained from polarized initial e + and e~ beams with (Pl = ±0.8, Pl = ±0.5) and 
unpolarized final states. Right: The same with polarized final states. Here, yfs = 1 TeV 
and £i llt = 1 ab _1 . 



TABLE III: Same as in Table U but for the ILC with = 0.25 TeV and £ int = 100 fb -1 . 



Z' model 


X 


v< 


V 


I 


LRS 


SSM 


cjP ls , 10- 3 


±5.1(3.8) 


±8.4(7.0) 


±6.8(6.7) 


±5.7(3.9) 


±5.4(4.9) 


±4.4(3.6) 


ID ,1O" 3 


±14(6.8) 


±109(86) 


±29(14) 


±7.8(5.9) 


±45(21) 





level as those of current experimental limits, thereby providing complementary bounds on 
Z's. 

Increasing the luminosity at fixed energy, asymptotically allows for an increase of the 
sensitivity ex 1 / VAnt- 111 the example shown in Table IIVI this behavior is not quite reached, 
due to the impact of systematic uncertainties. 

VII. CONCLUDING REMARKS 

We have discussed the foreseeable sensitivity to Z's in iy ± -pair production cross sections 
at the ILC, especially as regards the potential of distinguishing observable effects of a Z' from 
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FIG. 14: Same as in Fig]13lbut for the LRS model. 



TABLE IV: Same as in Table [TTT1 but for the ILC with ^fs = 0.35 TeV, and two values of integrated 
luminosity. 



Z' model 


X 


fP 


V 


I 


LRS 


SSM 


100 fb" 1 


0DIS )1O -3 

</> ID ,io- 3 


±3.7(2.4) 
±8.4(4.6) 


±6.0(4.5) 
±77(61) 


±4.9(4.3) 
±27(9.4) 


±4.1(2.5) 
±13.5(3.8) 


±3.9(3.1) 
±19(14) 


±3.2(2.3) 


500 ftr 1 


«^ DIS ,io- 3 
</> ID ,io- 3 


±2.3(1.3) 
±5.9(2.4) 


±3.4(2.3) 
±54(30) 


±2.5(2.1) 
±15(4.7) 


±3.1(1.4) 
±4.0(1.9) 


±2.1(1.6) 
±16(6.8) 


±1.8(1.2) 



analogous ones due to competitor models with Anomalous Gauge Couplings that can lead to 
the same or similar new physics experimental signatures. The discovery and identification 
reaches on Eg and LRS models have been determined in the parameter plane spanned by 
the Z-Z' mixing angle <p, and Z' mass, M 2 . 

We have shown that the sensitivity of the ILC for probing the Z-Z' mixing and its 
capability to distinguish these two new physics scenarios is substantially enhanced when 
the polarization of the initial beams (and also, possibly, the produced W ± bosons) are 
considered. 
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Appendix A. Helicity amplitudes 

In this appendix, we collect the helicity amplitudes for the different initial (e + e~) and 
final-state polarizations. In Table [V] we quote the amplitudes for the case of 
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2l| . whereas in Table IVH we give the corresponding results 



Anomalous Gauge Couplings 
for the case of a Z'. 

Note that the quantity 5z appearing in Table IVl is different from, but plays a role similar 
to that of Az entering in the parametrization of Z 1 effects. Furthermore, in analogy with the 
A 7 which enters the description of Z' effects, one could imagine a factor (1 + 5 7 ) multiplying 
the photon-exchange amplitudes in Table EJ Such a term could be induced by dimension-8 
operators, but 5 1 would have to vanish as s — > 0, due to gauge invariance. 
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TABLE V: Helicity amplitudes for e+e" -> W + W~ in the presence of AGC [2jj, |2l|]. To obtain 
the amplitude F\ TT i (s , cos 9) for definite helicity A = ±1/2 and definite spin orientations t(W~) 
and t'(W + ) of the W^, the elements in the corresponding column have to be multiplied by the 
common factor on top of the column. Subsequently, the elements in a specific column have to be 
multiplied by the corresponding elements in the first column and the sum over all elements is to 
be taken. In the last column, the amplitude for the case of r = ±1, r' = is obtained by replacing 
t' by — r in the elements of this last column. 
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TABLE VI: Helicity amplitudes for e+e" ->■ 7, Z lt Z 2 -> W+W - . 



e — A e A "> 


T = T' = 

-£^sin0 




2A-1 
4 / <s 2 


^[0080-/3^(1 + ^)] 




-H^Sr, («i-2axA) 

+ s _ M ^+iMor 2 ( U2 2 °2 A ) 
« 2(1+A 7 ) ! 2(cot^+A z)(v 2aA) 


0W(1 + 2M 3 ") 






r = r ' = ±1 
-^sin# 


t = -t' = ±1 


2A-1 
it si, 


cos — /?w 


— cos 9 — 2r A 


a + 5 AlUiM Ul 2 ° lA ) 

3 s IVl 1 fciVi 111 

+ s _M 2 ^r 2 ( y 2 2o 2 A) 

_ 2(1+A 7 ) ! 2(cote w +A z )^, 0(j ^ 


-/3m/ 





e± A e A W^tWT 


T = 0, r' = ±1 
-0(r'cos0-2A) 


T = ±1, t' = 
ff(rcos0 + 2A) 


2A-1 


2^77 [COS 0(1 + -2/V] 

2M W t' sin 2 
y/i r'cos0-2A 


2^-[cOS0(l+/32 / ) _ 2/5 ] 

2M W t sin 2 
y/s rcos6»+2A 


-f + ^gSr7^-2«iA) 
+ - 2 ^Sr 3 (-2 " 2a 2 A) 

_ 2(1+A 7 ) 2(cot0 w +A z )/ , ,s 
1 s _mI {V ZaX ) 
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